THE SPECIAL LINEAR VERSION OF THE PROJECTIVE 
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Abstract. A special linear Grassmann variety SGr{k,n) is the comple- 
ment to the zero section of the determinant of the tautological vector 
bundle over Gr{k,n). For a representable ring cohomology theory A{—) 
CNJ , with a special linear orientation and invertible stable Hopf map 77, includ- 

ing Witt groups and MSL,„ we have A{SGr{2, 2n + 1)) = A{pt)[e]/ {e^") , 
and A{SGr{2, 2n)) is a truncated polynomial algebra in two variables over 
A{pt). A splitting principle for such theories is established. We use the com- 
putations for the special linear Grassmann varieties to calculate A(^BSLn) 
in terms of the homogeneous power series in certain characteristic classes 
of the tautological bundle. 
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1. Introduction. 



The basic and most fundamental computation for oriented cohomology the- 
ories is the projective bundle theorem (see [MorlJ or |PSi Theorem 3.9]) claim- 
ing y4(P") to be a truncated polynomial ring over A{pt) with an explicit basis 
in terms of the powers of a Chern class. Having this result at hand one can 
^ , define higher characteristic classes and compute the cohomology of Grass- 

^ I mann varieties and flag varieties. In particular, the fact that cohomology of 

' the full flag variety is a truncated polynomial algebra gives rise to a split- 

ting principle, which states that from a viewpoint of an oriented cohomology 
\Q '. theory every vector bundle is in a certain sense a sum of linear bundles. For 

i/-^ I a representable cohomology theory one can deal with an infinite dimensional 

O ■ Grassmannian which is a model for the classifying space BGLn and obtain 

even neater answer, the formal power series in the characteristic classes of the 
tautological vector bundle. 
^ There are analogous computations for symplectically oriented cohomology 

rS ■ theories |PW1] with appropriately chosen varieties: quaternionic projective 



. spaces ifP" instead of the ordinary ones and quaternionic Grassmannian and 

flag varieties. The answers are essentially the same, algebras of truncated 
polynomials in characteristic classes. 

These computations have a variety of applications, for example theorems 
of Conner and Floyd's type [CFj describing the K-theory and hermitian K- 
theory as quotients of certain universal cohomology theories |PPRlt IPW4] . 

In the present paper we establish analogous results for the cohomology the- 
ories with special linear orientations. The notion of such orientation was in- 
troduced in |PW3| Definition 5.1]. At the same preprint there was constructed 
a universal cohomology theory with a special linear orientation, namely the 
algebraic special linear cobordisms MSL, |PW3t Definition 4.2]. A more down 
to earth example is derived Witt groups defined by Balmer |Ball] and oriented 
via Koszul complexes [Ne2j. A comprehensive survey on the Witt groups could 
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be found in |Bal2] . Of course, every oriented cohomology theory admits a spe- 
cial linear orientation, but it will turn out that we are not interested in such 
examples. We will deal with representable cohomology theories and work in 
the unstable H,{k) and stable S'H{k) motivic homotopy categories introduced 
by Morel and Voevodsky |MVl W\ . We recall all the necessary constructions 
and notions in sections 2-4 as well as provide preliminary calculations with 
special linear orientations. 

Then we need to choose an appropriate version of "projective space" anal- 
ogous to P*^ and iJP". Natural candidates are SLn+i/ SLn and A"+-'^ — {0}. 
There is no difference which one to choose since the first one is an affine bundle 
over the latter one, so they have the same cohomology. We take A"+^ — {0} 
since it looks prettier from the geometric point of view. There is a calcu- 
lation for the Witt groups of this space |BG[ Theorem 8.13] claiming that 
iy*(A"^^ — {0}) is a free module of rank two over W*{pt) with an explicit 
basis. The fact that it is a free module of rank two is not surprising since 
^"+1 _ |Qj. ig a sphere in the stable homotopy category S'H,{k) and W*{—) is 
representable [Hor J. The interesting part is the basis. Let T = O^^^ /0{—l) 
be the tautological rank n bundle over A"+^ — {0}. Then for n = 2k the 
basis consists of the element 1 and the class of a Koszul complex. The latter 
one is the Euler class e(T) in the Witt groups. Unfortunately, for the odd n 
the second term of the basis looks more complicated. Moreover, for an ori- 
ented cohomology theory even in the case of n = 2k the corresponding Chern 
class vanishes, so one can not expect that 1 and e(T) form a basis for every 
cohomology theory with a special linear orientation. 

Here comes into play the following observation. The maximal compact sub- 
group of S'L„(M) is S'0„(]R), so over R the notion of a special linear orientation 
of a vector bundle derives to the usual topological orientation of a bundle. The 
Euler classes of oriented vector bundles in topology behave themselves well 
only after inverting 2 in the coefficients, so we want to invert in the algebraic 
setting something analogous to 2. There are two interesting elements in the 
stable cohomotopy groups 7r*'*{pt) that go to 2 after taking R-points, a usual 
2 G 7r°'°(pt) and the stable Hopf map rj G TT~^'~^{pt) arising from the mor- 
phism A^ — {0} P^. In general 2 is not invertible in the Witt groups, so we 
will invert t]. Moreover, recall a theorem due to Morel |Mor2) claiming that for 
a perfect field there is an isomorphism ©,i7r"''"'(Spec /c)[ry~-^] = W^{k)['r],r]~^, 
so in a certain sense rj is invertible in the Witt groups. In sections 5-6 we do 
some computations justifying the choice of rj. 

In this paper we deal mainly with the cohomology theories obtained as 
follows. Take a commutative monoid {A, m, e : § — )• A) in the stable homotopy 
category S'H{k) and fix a special linear orientation on the cohomology theory 
A*'*{—). The unit e : § — ?■ A of the monoid (A, m,e) induces a morphism of 
cohomology theories 7r*'*(— ) — )■ ) making A*'*{X) an algebra over the 

stable cohomotopy groups. Set = 1, that is 

A\X) = A*'*{X)/{l-7]). 

It is an easy observation that A*{—) is still a cohomology theory, see Section 6. 
One can regard it as a (1, l)-periodic cohomology theory A*'*{—) collapsed in 
the (1, l)-direction, where index rj stands for the localization by the stable 
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Hopf map. For these cohomology theories we have a result analogous to the 
case of the Witt groups. 

Theorem. There is an isomorphism 

^*(A2"+i - {0}) ^ A*{pt) © A*-2"(j9t)e(r). 

The relative version of this statement is Theorem [3] in section 7. Note that 
there is no similar result for A^" ~ {0}. 

In the next section we consider another family of varieties, called special 
linear Grassmannians SGr{2,n) = SLn/P2, where P2 stands for the derived 
group of the parabolic subgroup P2, i.e. is the stabilizer of the bivector 
ei A 62 in the exterior square of the regular representation of SLn- There are 
tautological bundles 7i and T2 over SGr{2, n) of ranks 2 and n—2 respectively. 
We have the following theorem which seems to be the correct version of the 
projective bundle theorem for the special linear orientation. 

Theorem. For the special linear Grassmann varieties we have the next iso- 
morphisms. 

2n-2 

A*{SGr{2, 2n)) = A*~^'{pt)e{riy © A*-^''+\pt)e{r2), 

i=0 

2n-l 

A*{SGr{2, 2n + 1)) ^ A*-^\pt)e{riY . 

1=0 

Recall that there is a recent computation of the twisted Witt groups of Grass- 
mannians [BC]. The twisted groups are involved since the authors use push- 
forwards that exist only in the twisted case. We deal with the varieties with a 
trivialized canonical bundle and closed embeddings with a special linear nor- 
mal bundle in order to avoid these difficulties. In fact we are interested in the 
relative computations that could be extended to the Grassmannian bundles, 
so we look for a basis consisting of characteristic classes rather then push- 
forwards of certain elements. It turns out that such bases exist only for the 
special linear flag varieties with all but at most one dimension step being even, 
i.e. we can handle S'(jr(l,7), 5J-'(2,4, 6) and 5J-'(2,5,7) but not 5'G'r(3,6). 
Nevertheless it seems that one can construct the basis for the latter case in 
terms of pushforwards. 

Sections 8 and 9 are devoted to the computations of the cohomology rings 
of partial flag varieties. We obtain an analogue of the splitting principle in 
Theorem [6] and derive certain properties of the characteristic classes. In par- 
ticular, there is a complete description of the cohomology rings of maximal 
SL2 flag varieties, 

SH2n) = SL2n/PU...,2n-2, 3^271 + 1) = SL2n+l/P:2A-M- 

The result looks as follows (see Remark [9]). 

Theorem. For n > 1 consider 

Si = o-i{el, el, e^), t = (T„(ei, 62, ... , e„) 

with ai being the elementary symmetric polynomials in n variables. Then we 
have the following isomorphisms 
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(1) A*{SH2n)) = A*{pt)[e,, e^, / (,^, , t) , 

(2) A*{SJ^{2n + 1)) = ^*(pt)[ei, e^, e.]/(^^^ _ _ _ ^ . 

Note that one can substitute the 5'L„/(5'L2)'"/^^ instead of SJ-'{n). These 
answers and the choice of commuting SL2 in S'L„ perfectly agree with our 
principle that ^^^(IR) stands for S'0„(M), since S'L2(M) stands for the compact 
torus S-^, and the choice of maximal number of commuting SL2 is parallel to 
the choice of the maximal compact torus. We get the coinvariants for the Weyl 
groups W{Bn) and W{Dn) and it is what one gets computing the cohomology 
of S'On(M)/T. Section 11 deals with W{Bn) and W^(i5„)-invariant polynomials 
and certain spanning sets over the symmetric polynomials are constructed. 

In section 12 we carry out a computation for the cohomology rings of the 
special linear Grassmannians SGr{m,n) with at least one of the integers 
m,n — m being even, see Theorem O The answer is a truncated polynomial al- 
gebra in certain characteristic classes. At the end we assemble the calculations 
for the special linear Grassmannians and compute in Theorem [10] the coho- 
mology of the classifying spaces in terms of the homogeneous formal power 
series. 

Theorem. We have the following isomorphisms. 

A*{BSL2n) = A*{pt)[[h, . . . ,b„_,,e]]^, 

A*iBSL2n+i)=A*{pt)[[h,...,br,]l. 

Finally, we leave for the forthcoming paper [AnJ the careful proof of the fact 
that Witt groups arise from the hermitian fC-theory in the described above 
fashion, that is W*{X) = BO*'*(X)/(l - r^). In the same paper we obtain 
the following special linear version of the motivic Conner and Floyd theorem. 

Theorem. Let k be a field of characteristic different from 2. Then for every 
smooth variety X over k there exists an isomorphism 

MSL*'*{X)/{1 - 7]) ®MSL^^,^*(pt) W^*{pt) = W*{X). 

Another application of the developed technique lies in the field of the equi- 
variant Witt groups and we are going to address it in another paper. 

Acknowledgement. The author wishes to express his sincere gratitude to 
I. Panin for the introduction to the beautiful world of A^-homotopy theory 
and numerous discussions on the subject of this paper. This research is sup- 
ported by RFBR grants 10-01-00551-a and 12-01-31100 and by the Chebyshev 
Laboratory (Department of Mathematics and Mechanics, St. Petersburg State 
University) under RF Government grant 11.G34.31.0026. 

2. Preliminaries on S'H{k) and ring cohomology theories. 

Let /c be a field of characteristic different from 2 and let Sm/k be the 
category of smooth varieties over k. 

A motivic space over is a simplicial presheaf on Sm/k. Each X G Sm/k 
defines an unpointed motivic space Homsm/k{—, X) constant in the simplicial 
direction. We will often write pt for the Spec k regarded as a motivic space. 
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We use the injective model structure on the category of the pointed motivic 
spaces M,{k). Inverting the weak motivic equivalences in M,{k) gives the 
pointed motivic unstable homotopy category H,{k). 

Let T = A^/ [A^ — {0}) be the Morel-Voevodsky object. A T-spectrum 
M |Jar) is a sequence of pointed motivic spaces (Mq, Mi, M2, . . . ) equipped 



with the structural maps o"„: T A M„ — >■ Mn+i- A map of T-spectra is a 
sequence of maps of pointed motivic spaces which is compatible with the 
structure maps. We write MS{k) for the category of T-spectra. Inverting the 
stable motivic weak equivalences as in |Jar) gives the motivic stable homotopy 
category Sl-i{k). 

A pointed motivic space X gives rise to a suspension T-spectrum S^X. Set 
§ = for the spherical spectrum. Both H,{k) and S'H{k) are equipped 

with symmetric monoidal structures (A,pt+) and (A,S) respectively and 

S^: H,{k) sn{k) 

is a strict symmetric monoidal functor. 

Recall that there are two spheres in M,{k), the simplicial one 5*^'° = Si = 
A^/d{A^) and S^'^ = (Gm,l)- For the integers p,q > we write 5'^+'?''? for 
[Grn, l)'"^A{Sl)^P and Ep+«'9 for the suspension functor -ASp+^'I. This functor 
becomes invertible in the stable homotopy category S'H{k), so we extend the 
notation to arbitrary integers p, q in an obvious way. 

Any T-spectrum A defines a bigraded cohomology theory on the category 
of pointed motivic spaces. Namely, for a pointed space (X, x) one sets 

AP^\X,x) = Homsn(k){^'^{X,x),EP''>A) 

and A*'*{X,x) = @p^AP'''{X,x). In case of i — j,j > one has a canoni- 
cal suspension isomorphism AP''^{X,x) = A*'+*'^+-'(S*'''(X, x)) induced by the 
shuffling isomorphism S^''^ AS^'^ = 5'^+*>'3+i. in the motivic homotopy category 
there is a canonical isomorphism T = S"^'^, we write 

St: A*'*{X) ^ A*+^'*+\X A T) 

for the corresponding suspension isomorphism. See definition [15] in Section 5 
for the details. 

For an unpointed space X we set AP'«(X) = AP'9(X+,+) with A*'*(X) 
defined accordingly. Set 7r*'-' (X) = S*''' (X) to be the stable cohomotopy groups 
of X. 

We can regard smooth varieties as unpointed motivic spaces and obtain 
the groups A^'^(X). Given a closed embedding i: Z — )■ X of varieties we write 
Th{i) for X/(X - Z). For a vector bundle E ^ X set Th{E) = E/{E - X) 
to be the Thom space of E. 

A commutative ring T-spectrum is a commutative monoid (A, m, e) in 
{ST-L{k), A, S). The cohomology theory defined by a commutative T-spectrum 
is a ring cohomology theory satisfying a certain bigraded commutativity con- 
dition described by Morel. 

We recall the essential properties of the cohomology theories represented 
by a commutative ring T-spectrum A. 
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(1) Localization: for a closed embedding of varieties i: Z ^ X with a 
smooth X and an open complement j : U ^ X we have a long exact sequence 



... A A*^*{Th{i)) A A*'*(X) ^ A*'*(f/) A A*+^'*(T/i(i)) ^ . . . 

It is a special case of the cofiber long exact sequence. 

(2) Nisnevich excision: consider a Cartesian square of smooth varieties 

Z'^^X' 



f 



f 



^X 



where i is a closed embedding, / is etale and /' is an isomorphism. Then 
for the induced morphism g: Th{i') — Th{i) the corresponding morphism 
gA. j{*'*(Xh{i)) — )■ A*'*{Th{i')) is an isomorphism. It follows from the fact 
that g is an isomorphism in the homotopy category. 

(3) Homotopy invariance: for an A"-bundle p: E ^ X over a variety X the 
induced homomorphism p^: A*'*{X) — )■ A*'*{E) is an isomorphism. 

(4) Mayer-Vietoris: ii X = Ui U U2 is a union of two open subsets Ui and 
U2 then there is a natural long exact sequence 

. . . ^ A*'*{X) A*'*{Ui) © A*'*{U2) A*'*{Ui n U2) A*+i'*(X) . . . 

(5) Cup-product: for a motivic space Y we have a functorial graded ring 
structure 

U: A*'*{Y) X A*'*{Y) A*'*{Y). 

Moreover, let ii: Zi X and i2: Z2 ^ X he closed embeddings and put 
ii2- Zi n Z2 —7- X. Then we have functorial, bilinear and associative cup- 
product 

U: A*'*{Th{ii)) X A*'*{Th{i2)) A*'*{Th{ii2)). 

In particular, setting Zi = X we obtain an yl*'*(X)-module structure on 
A*'*{Th{i2)). All the morphisms in the localization sequence are homomor- 
phisms of A*'*(X)-modules. 

We will sometimes omit U from the notation. 

(6) Module structure over stable cohomotopy groups: for every motivic space 
Y we have a homomorphism of graded rings 7r*'*(y) — )■ A*'*{Y), which de- 
fines a 7r*'*(pt)-module structure on A*'*{Y). For a smooth variety X the ring 
A*'*{X) is a graded 7r*'*(pt)-alg ebra v ia 7i*'*{pt) 7r*'*{X) A*^*{X). 

(7) Graded e-commutativity |Morlj : let e G 7r°'°(pt) be the element corre- 
sponding under the suspension isomorphism to the morphism T — )■ T, x 
—X. Then for every motivic space X and a G A^'^{X), b G y4^'^(X) we have 

ab= (-l)V«6a. 

Recall that = 1. 



3. Special linear orientation. 



In this section we recall the notion of a special linear orientation introduced 
in |PW3 f and establish some of its basic properties. 
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Definition 1. A special linear bundle over a variety X is a pair {E, A) with 
E —i- X a vector bundle and A : det E ^ Ox an isomorphism of line bundles. 
An isomorphism 0: {E,X) ^ (E',X') of special linear vector bundles is an 
isomorphism (f): E ^ E' of vector bundles such that A' o (det(/)) = A. For a 
special linear bundle T = {E, A) we usually denote by the same letter T the 
total space of the bundle E. 

Definition 2. Consider a trivialized rankn bundle Ox over a smooth variety 
X. There is a canonical trivialization det Ox — > Ox- We denote the corre- 
sponding special linear bundle by {Ox,l) and refer to it as the trivialized 
special linear bundle. 

Lemma 1. Let {E, A) be a special linear bundle over a smooth variety X such 
that E = Ox- Then there exists an isomorphism of special linear bundles 

0: (E,A)^(0^,1). 
Proof. An exact sequence of algebraic groups 

1 — y SLji — ^ CrLn ^ — ^ 1 

induces an exact sequence of pointed sets 

H\X, GLn) A H\X, G„) ^ H\X, SL„,) 4 H\X, GL^) 

There is a splitting — ?■ GLn for det, so p is surjective. Hence we have 
keii = {*} and this means that, up to an isomorphism of special linear 
bundles, there exists only one trivialization A: det Ox Ox- D 

Lemma 2. Let Ei be a subbundle of a vector bundle E over a smooth variety 
X . Then there are canonical isomorphisms 

(1) det El ® det{E/Ei) = det E, 

(2) detE^ = {detEy. 

Proof. These isomorphisms are induced by the corresponding vector space 
isomorphisms. In the first case we have A^Vi A"(V^/Vi) ^ A'""'""V^ with 

f 1 A . . . A f m ® A . . . A Wn f 1 A . . . A f m A Wi A . . . A Wn- 

For the second isomorphism consider the perfect pairing 

0: A"1/ X AW k 

defined by 

(j){vi A . . . A f„, /i A . . . A /„) = ^ sign{a)f ^(i){vi) ■ fa(n){vn)- □ 

Definition 3. Let T = {E,Xe) be a special linear bundle over a smooth 
variety X and let T' = {E',Xe') with E' < E he a special linear sub- 
bundle. By Lemma [2] we have canonical trivializations XE^^ '- det E"^ ^ Ox 
and Xe/e''- det{E/E') ^ Ox- The special linear bundle T"^ = {E'^,Xe'j) is 
called the dual special linear bundle and the special linear bundle T/T' = 
(E/E' , Xe/e') is called the quotient special linear bundle. For a pair 7i = 
{El, Xei),T2 = {E2, XE2) of special linear bundles over a smooth variety X we 
put 7i © 72 = {El (B E2, Xei ® XE2) and refer to it as the direct sum of special 
linear bundles. 
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Definition 4. Let A*'*{—) be a cohomology theory represented by a T- 
spectrum A. A (normalized) special linear orientation on A*'*{—) is a rule 
which assigns to every special linear bundle T of rank n over a smooth vari- 
ety X a class th{T) G A2"'"(T/i(r)) satisfying the following conditions [FW3l 
Definition 5.1]: 

(1) For an isomorphism /: T ^ T' we have th{T) = f^th{T'). 

(2) For a morphism r: F — )■ X we have r^th{T) = th{r*T). 

(3) The maps -Ut/i(r) : A*^*{X) v4*+2'^'*+"(T/i(r)) are isomorphisms. 

(4) We have 

thiTi © T2) = qfthiTi) U gs'^t/ilTs), 

where gi, g2 are projections from 7i ©72 onto its summands. Moreover, 
for the zero bundle — ?■ pt we have th{0) = 1 G 

(5) (normalization) For the trivialized line bundle over a point we have 

th{Opt,i) = j:TieA^'^{T). 

The isomorphism — Uth{T) is the Thorn isomorphism. The class th{T) is the 
Thorn class of the special linear bundle, and 

e{T) = zHhiT) e A2"'"(X) 

with natural z: X — t- Th{T) is its Euler class. 

Lemma 3. Lei T he a special linear bundle over a smooth variety X and let 
Ti <T he a special linear suhhundle. Then e(T) = e(7i)e(T/7i). 

Proof. There is an A^-bundle p : F — > X such that 

p*T = p*Ti®p*{r/ri), 

so the claim follows from the homotopy invariance and the multiplicativity 
of the Euler class with respect to the direct sums. The variety Y could be 
constructed in the following way. The fiber over a point a; G X consists of the 
vector subspaces E\x < T\x such that T\x = Ti\x ® E\x. This construction 
could be performed locally and then glued into the variety Y . □ 

Remark 1. For a rank 2n special linear bundle T over a variety X we have 
th{T) G v4^"'2"(T/i(r)) and e{T) G yl^"'2'^(X), so this classes are universally 
central. 

Recall that a symplectic bundle is a special linear bundle in a natural way, 
so having a special linear orientation we have the Thom classes also for sym- 
plectic bundles, thus a cohomology theory with a special linear orientation is 
also symplectically oriented. We recall the definition of the Pontryagin classes 
theory |PWH Definition 14.1] that could be developed for a symplectically 
orientated cohomology theory. 

Definition 5. Let ) be a cohomology theory represented by a T- 

spectrum A. A Pontryagin classes theory on A*'*{—) is a rule which assigns 
to every symplectic bundle [E., 0) over every smooth variety X a system of 
Pontryagin classes pi{E,(j)) G y4^*'^*(X) for alH > 1 satisfying 

(1) For {El, (pi) = {E2,4>2) we have pi{Ei,(f)i) = pi{E2,4>2) for all i. 

(2) For a morphism r : y — )■ X and a symplectic bundle {E, (p) over X we 
have r^{pi{E, (p)) = pi{r* {E , (p)) for all i. 
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(3) For the tautological rank 2 symplectic bundle {E, 0) over 

HP^ = SpJ{Sp2 X Sp2) 

the elements l,pi{E,(j)) form an A*'*(pt)-basis of A*'*{HP''). 

(4) For a rank 2 symplectic bundle (V, 0) over pt we have piiV^ 0) = 0. 

(5) For an orthogonal direct sum of symplectic bundles {E, 0) = {Ei, 0i) ± 
(£'2, 02) we have 

i-l 

Pi{E,4>) =Pi{Ei,(j)i) + ^Pi_j(Ei,0i)pj(E2,02) +Pi(^2,02) 

i=i 

for all i. 

(6) For {E, 0) of rank 2r we have Pi{E, 0) = for i > r. 

We set p*{E, 0) = 1 + Yl'jLiPii-^^ *^)^* total Pontryagin class. 

Every oriented cohomology theory possesses a special linear orientation 
via th{E,X) = th{E), so one can consider i^'-theory or algebraic cobordism 
represented by MGL as examples. We have two main instances of the theories 
with a special linear orientation but without a general one. The first one 
is hermitian /^-theory |Sch] represented by the spectrum BO |PW2] . The 
special linear orientation on BO*'* via Koszul complexes could be found in 
[P W2j . The second one is universal in the sense of | PW3t Theorem 5.9] and 
represented by the algebraic special linear cobordism spectrum MSL |PW3t 
Definition 4.2]. 

Definition 6. From now on A*'*(— ) is a ring cohomology theory represented 
by a commutative monoid in S'H{k) with a fixed special linear orientation. 

Lemma 4. For a smooth variety X we have 

1) = SJl, = S^e. 

Proof. It follows immediately from the conditions (4) and (5) and functoriality. 

□ 

Lemma 5. Let {E,Xe) be a special linear bundle over a smooth variety X. 
Then 

e{E,XE) = eUe{E,-XE). 

Proof. Consider the bundle E®Ox and denote the projections onto the sum- 
mands by gi, 52- We have 

{E ® Ox, Xe®1) = {E® Ox, (-A^) ® -1), 

hence 

qlth{E, Xe) U g2*Sl = qlth{E, -Xe) U qlY.e. 
By the suspension isomorphism we obtain 

th{E,XE) = th{E,-XE)Ue, 

hence e{E,XE) = eU e{E,-XE). □ 

Lemma 6. Let T be a rank 2 special linear bundle over a smooth variety X . 
Then r = r^ and e{T) = e{T^). 
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Proof. Set T = {E,Xe)- The trivialization A^;: A'^E — > Ox defines a sym- 
plectic form on E and an isomorpliism (f): E ^ E'^ , tlius it is sufficient to 
check that 

A^jv o det (j) = Xe- 

It could be checked locally, so we can suppose that E = Ox and, in view of 
Lemmadl {E, Xe) — {^xj !)• Fixing a basis {ei, 62} such that ei Ae2 = 1 and 
taking the dual basis {6^,62} for {OxY we have 

0(ei) = (ei A -) = e^, ^(ea) = (ea A -) = -e^ 

Thus we obtain 

det 0(ei A 62) = 63 A (-Ci ) = A 62 

and 

A£;v det0(ei A 62) = A£;v(ei A e^) = 1. □ 

Definition 7. For a vector bundle E we denote by E^ the complement to the 
zero section. For a special linear bundle T = {E,X) we set = E^. 

Definition 8. Let T be a rank n special linear bundle over a smooth variety 
X. The Gysin sequence is a long exact sequence 

... 4 A*-2«,*-"(x) ^ A*'*(7^) 4 A*-2n+i,*-n(x) ^ . . . 

obtained from the localization sequence for the zero section X — )■ T via the 
homotopy invariance and the Thom isomorphism. 

Lemma 7. Let {E, Xe) be a special linear bundle over a smooth variety X . 

(1) Let X'e be any other trivialization of det E. Then one has 

U e{E, Xe) = U e{E, X'e). 

(2) For the dual special linear bundle (-E^, Xe^-^) one has 

A^'^X) U e{E, Xe) = A°'°(X) U e(E^, Xe-). 

Proof. Set n = rankE' and denote the projections E^ X and E'^^ — )■ X by 
p and p' respectively. 

(1) Consider the Gysin sequences corresponding to the trivializations A^; 
and A^. 

. . . ^ AO'O(X) '"'^'''^'^^ . A2"." (X) ^ . . . 

. . . ^ A^'^X) A2"'-(X) ^ ^ . . . 

We have 

U e{E, Xe) = kerp^ = U e(E, A^). 

(2) Consider 

Y = {{v,f)eExxE''\ f{v) = l}. 

Projections pi: Y ^ E^ and P2: Y ^ E^^ have fibres isomorphic to 
A"-\ thus 

A*^*{^E^) ~ (Y) ~ A*'* (^E"^^) 



THE SPECIAL LINEAR VERSION OF THE PROJECTIVE BUNDLE THEOREM 11 



and we have a canonical isomorphism A*'*{E^) = A*'*{E'^^) over 
A*'*{X). Now proceed as in the first part and consider the Gysin se- 
quences. 

. . . . AO'O(X) '"'^'''^'^^ . A^^'^iX) . . . 

. . . . A'>''{X) '"'^''"'^^''l ^ . . . . 

We have 

/l°'°(X) U e{E, Xe) = kerp^ = kerp'^ = A°'°(X) U e(E^, A^v). □ 

Lemma 8. Let T be a special linear bundle over a smooth variety X such 
that there exists a nowhere vanishing section s: X — )• T. Then e(T) = 0. 

Proof. Set rankT = n and consider the Gysin sequence 

. . . ^ aO'°(x) a2"'"(x) a A2"'«(r°) ^ . . . 

The section s induces a sphtting for j^, thus is injective and 

e(r) = 1 U e(r) =0. □ 

4. PUSHFORWARDS ALONG CLOSED EMBEDDINGS. 

In this section we give the construction of the pushforwards along the closed 
embeddings with special linear normal bundles for a cohomology theory with 
a special linear orientation. It is quite similar to the construction of such push- 
forwards for oriented |PS[ INel) or symplectically oriented |PW1] cohomology 
theories and twisted Witt groups |Ne2] . so we follow loc. cit. adapting it to 
the special linear context. 

Definition 9. Let i: Z — )■ X be a closed embedding of smooth varieties. The 
deformation space D{Z,X) is obtained as follows. 

(1) Consider X x 

(2) Blow-up it along Z x 0. 

(3) Remove the blow-up of X x along Z x 0. 

This construction produces a smooth variety D{Z, X) over A^. The fiber over 
is canonically isomorphic to Ni while the fiber over 1 is isomorphic to X 
and we have the corresponding closed embeddings i^: — )■ X) and 

ii : X — )■ D{Z,X). There is a closed embedding z: Z x ^ D{Z,X) such 
that over it coincides with the zero section s: Z — )■ Xj of the normal bundle 
and over 1 it coincides with the closed embedding i: Z —> X. At last, we have 
a projection p: D{Z,X) — )■ X. 

Thus we have homomorphisms of y4*'*(X)-modules (via p^) 

A*^*{Th{N,)) A*^*{Th{z)) A*'*{Th{i)). 

These homomorphisms are isomorphisms since in the homotopy category 
H,{k) we have isomorphisms iq: Th{Ni) = Th{z) and ii : Th{i) = Th{z) 
[MVl Theorem 2.23]. We set 

df = ifo (z^)-!; A*'*{Th{N,)) A*'*{Th{i)) 
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to be the deformation to the normal bundle isomorphism. The functoriahty of 
the deformation space D{Z,X) makes the deformation to the normal bundle 
isomorphism functor ial. 

Definition 10. For a closed embedding i: Z — )■ X of smooth varieties a 
special linear normal bundle is a pair (A^j, A) with Ni the normal bundle and 
A : det Ni ^ Oz an isomorphism of line bundles. 

Definition 11. Let i: Z ^ X he a. closed embedding of smooth varieties with 
a rank n special linear normal bundle {Ni, A). Denote by ia the composition 
of the Thom and deformation to the normal bundle isomorphisms, 

i^ = dfo{-\J th{N„ A)) : A*'*{Z) ^ 

For the inclusion z: X ^ Th{i) the composition 

i^ = z^o~iA- A*'*{Z) ^ A*+2".*+«(x) 

is the pushforward map. Note that in general iA depends on the trivialization 
of det Ni. 

Remark 2. We have an analogous definition of the pushforward map for a 
closed embedding i: Z ^ X in every cohomology theory possessing a Thom 
class for the normal bundle Ni. In particular, we have pushforwards in the 
stable cohomotopy groups for closed embeddings with a trivialized normal 
bundle (iVj, 9), where 6: Ni ^ is an isomorphism of vector bundles, since 
there is a Thom class th{0^) = E^l and suspension isomorphism 

(- U SJl) : 7r*'*(Z) ^ 7r*+2'^'*+"(r/i(C^)). 

Definition 12. Let i: Z ^ X he a closed embedding of smooth varieties with 
a rank n special linear normal bundle. Then using the notation of pushforward 
maps the localization sequence boils down to 

We refer to this sequence as the Gysin sequence, similar to Definition [HI 

In the rest of this section we sketch some properties of the pushforward 
maps. The next lemma is similar to |PWH Proposition 7.4]. 

Lemma 9. Consider the following pullback diagram with all the involved va- 
rieties being smooth. 

X' = X Xy Y' ^ Y' 

g' 9 

X ^Y 

Let i,i' be closed embeddings with special linear normal bundles {Ni,X) and 
let {Ni,,X') = {g'*Ni,g'*X). Then we have g^A = I'g'^- 

Proof. It follows from the functoriahty of the deformation to the normal bun- 
dle and the functoriahty of Thom classes. □ 

The next proposition is an analogue of |PWH Proposition 7.6]. 
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Proposition 1. Let T be a special linear bundle over a smooth variety X 
with a section s: X — t- T meeting the zero section r transversally in Y. Then 
for the inclusion i: Y ^ X and every b G A*'*{X) we have 

ij,i\h) = hUe{T). 

Proof. Let z^: A*'*(T/l(^)) ^ and z^: A*'*{Th{r)) A*'*{r) be 

the extension of supports maps and let p: T — )■ X be the structure map for 
the bundle. Consider the following diagram. 

A*^*{X) A*'*{Th{r)) — A*'*(r) 



A*'*{Y) — - A*^*(Th{i)) 

The pullbacks along the two section of p are inverses of the same isomor- 
phism p^, so = r^. The right-hand square consists of pullbacks thus it is 
commutative. The left-hand square commutes by Lemma O Hence we have 

i^i^{b) = z^~iAi^{b) = r^z^{b U th{T)) = b U e(r). □ 

The pushforward maps are compatible with the compositions of the closed 
embeddings. The following proposition is similar to |Ne2[ Proposition 5.1] and 
the same reasoning works out, so we omit the proof. 

Proposition 2. Let Z ^ Y ^ X be closed embeddings of smooth varieties 
with special linear normal bundles {Nji, Xji), {Ni, Aj), {i*Nji/Ni, Xj) such that 

JAIA = iji)A- 



Xi ® Xj = Xji. Then 



5. PRELIMINARY COMPUTATIONS IN THE STABLE COHOMOTOPY GROUPS 

AND THE STABLE HOPF MAP. 

We are going to do preliminary computations involving tt*'* and various 
motivic spheres. The main result of this section is Proposition [3] proved by 
a rather lengthy computation. We track down all the involved canonical iso- 
morphisms, so the formulas are a bit messy. 

Throughout this section we use X = A"+^ — {0} for a punctured affine 
space with n > 1. Let x = (1, 1, 0, . . . , 0) be a point on X. First of all recall 
the following well-known isomorphisms \MV\ Lemma 2.15, Example 2.20]. 

Definition 13. Set a = 02^01: (X, x) A- (G^, 1) /\T^^ for the canonical 
isomorphism in the homotopy category. It is defined via 

(X, x) ^ X/((Ai X (A" - {0})) U ({1} X A")) ^ (G„, 1) A T^", 

where Ui is induced by the identity map on X and (J2 is induced by the 
natural embedding Gm x A" C X. Recall that ai is an isomorphism since 
(A-"^ X (A" — {0})) U ({1} X A") is A-'^-contractible, while a2 is induced by the 
excision isomorphism (Gm+, +) A T^" = X/(X - (A^ x {(0, 0, . . . , 0)})), so it 
is an isomorphism as well. 

We write s = 82^81 : (A^ — {0}, (1, 1)) ^ (G„j, 1) A T for this isomorphism 
in the particular case oi n = 1. 
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Another isomorphism that we need could be easily expressed via the cone 
construction. 

Definition 14. Let i: Y ^ Z he a morphism of motivic spaces. The space 
Cone{i) defined via the cocartesian square 

Y 

ini 

Y AA^ ^ Cone{i) 

is called the cone of the morphism i. 

Definition 15. Set p = p2 o : T ^ (G^, 1) A = S"^'^ for the canonical 
isomorphism in the homotopy category defined via 

T A Cone(zp) ^ (G^, 1) A 

where ip stands for the natural embedding — > and the isomorphisms 
Pi and p2 and induced by the maps — >■ pt and — > pt respectively. 

Definition 16. For every pointed motivic space Y put 

= {idy A pYT?^^ : 7r*'*(F) ^ vr*+2-*+i(y a T) 
and set — YIt o o . . . o E^^ for the n-fold composition. 

Consider the localization sequence for the embedding {0} — > A"+^, 

Canonical isomorphisms described above together with the choice of the point 
X on X provide a splitting for the connecting homomorphism d. We discuss 
it in the next lemma. Put 

r: T^" A (G^, 1) ^ (G^, 1) A T^", Tc: T^" A T ^ T A T^" 

for the twisting isomorphisms defined via (xq, Xi, . . . , Xn) )■ {xn, Xq, . . . , Xn-i)- 

Lemma 10. For the canonical morphism r: {X^, +) {X,x) we have 

dr"" = (T;)-^(id Ap)'^E^'V((7'^)-^ 

Proof. On the right-hand side we have 

{T^)-^{id A p)'^Ei'V((7^)-^ = (7-c^)"^H A p)^((7"V A idYT}^^ = 

= (((j-V A id){id A p)T<r^)'^E^'°. 

Put y = (Ai X (A" - {0})) U ({1} X A"). Let iy: {X/Y) (A"+Vr), 
io : r''"A(G„, 1) ^ r^"A(A\ 1) and i+ : {X+, +) ^ (A!;i+\ +) be the natural 
embeddings and let ji : (A""*"^, +) — )> Cone{i^) and J2: Cone{i+) — >■ Cone{ji) 
be the canonical maps for the cone construction. 
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Consider the following diagram. 

T^" A (G^, 1) A Si ^ T^" A Cone{ip) J^!^ T^(n+i) ^ rA{n+i) 

Thid — 

(G„,l) AT^"A5,i 

(72 Aid ^ 

{X/Y) A SI 

(71 Aid 

{X,x)ASl 

Here V'l) "^2 and V's are induced by — )■ pt, f is induced by A""*"^ — )■ A'^+^/F 
and X_|_ — )■ X/y, u is induced by A"+^/y — ?> pt, is an obvious isomorphism 
j^An Cone{ip) = Cone{id A ip) and t is induced by r. One can easily verify 
that the diagram is commutative. By the very definition we have 

dr^ = (^2i2^r')"Si'V'^ = ((r A id)i,2j2^^yT}^\ 

thus it is sufficient to show 

(r A id)i)2i2i'i^ = (o-^V A id){id A p)t~^ 

and it follows from the commutativity of the above diagram. □ 

Definition 17. The Hopf map is the canonical morphism of pointed motivic 

spaces 

i7:(A2-{0},(l,l))^(P\[l:l]) 

defined via H{x, y) = [x, y\. Let m: T — > P^/A-*^ be the canonical isomorphism 
defined via u{x) = [x : 1]. Then the stable Hopf map is the unique element 
rj E TT~^~^{pt) such that s^'Et^^'^'t] = T.^{pu^^H), i.e. r] is the stabilization 
of H moved to 7r~^'~^(pt) via the canonical isomorphisms. 

Lemma 11. Let H : (A^ - {0}, (1, 1)) [1 : 1]) be the morphism of 

pointed motivic spaces defined via H{x,y) = [y : x] and let rj G 7i^^'^^{pt) be 
the unique element such that s'^J^T^^'^rj = ll°°{pu^^H). Then rj = eUr]. 

Proof Let 0: (A^ - {0}, (1, 1)) (A^ - {0}, (1, 1)) be the reflection deflned 
via 4>{x, y) = {y, x). Put F = (A^ A (A^ - {0})) U ({1} x A^) and consider the 
following commutative diagram. 



(A- 



2 - {0}, (1, 1)) A T^— "(A2 - {0}, (1, 1)) A T 



tp2 

(A3-{o})/y 



V'3 



V'2 

(A3 - {o})/y 



(G^,l)ArAr^^^^^=^(G„,l)ATAT 

Here ipi is induced by the inclusion x A^ — )■ A^ — {0}, ^-'2 is given by 
ip2ix, y, z) = (^^, z) and ip3{x, y, z) = {x, —y, —z). All the morphisms ipi 
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are isomorphisms: ipi is an excision isomorphism, ip^ is an involution and 1^2 
could be decomposed in an obvious way 

(A2-{0}, (1, 1))AT ^ (A2-{0})/((A1xG„)U({1}xA1))AT ^ {A'-{0})/Y 

with the first map being an isomorphism since ((A^ x G^) U ({1} x A^)) 
is A^-contractible and the second map being an excision isomorphism. It is 
well-known that —idj-^x = idxhT in the homotopy category, so we obtain 
A —idr = id A idx yielding 

(pu^^H) A -idr = {{pu'^H) A idT){(p A -idr) = (pu'^H) A idx- 
Taking the S^-suspension and using the suspension isomorphism we get 

E^ipu-^H) U e = E'^ipu-^H). 

The suspension isomorphisms as well as p^ and s'^ are homomorphism of 
7r'''°(pt)-modules, and e is central, thus 

s"STSi'^(e Ur]) = J:^{pu-^H) U e = i:'^{pu-^H) = s'^Et^^'\^. 
The claim follows via taking (s'^)"^ and desuspending. □ 

Recall that for the stable cohomotopy groups we have canonical Thom 
classes for the trivialized vector bundles th{Ox) = S^l and pushforwards 
for the closed embeddings with a trivialized normal bundle (iVj, 6). 

We fix the following notation. Let i: — )■ X be a closed embedding to 
the zeroth coordinate with t ^ (t, 0, . . . , 0). Identify the normal bundle 

iVi ^ t/ = G„ X A" c X 

with the Zariski neighbourhood U of G-m and define the trivialization 6: U ^ 
via 

6{t,Xi, ...,Xn) = {t,Xi/t,X2, . . .,Xn). 

There is a pushforward map 

z.:7r°'0(GJ^7r2"'"(X) 
induced by the trivialization 6. 

Proposition 3. In the above notation we have diTr{l) = (— l)"e U S^"*"^?]. 
Proof. From the construction of the pushforward map we have 

v(i) = z''di{th{u,e)) 

with being a support extension and (i^ a deformation to the normal bundle 
isomorphism. Represent i as a composition 

i:Gm^U%X 

and let w: Th{ii) ^ Th(i) be the induced isomorphism in the homotopy 
category. Recall that for the total space of the vector bundle U there is a 
natural isomorphism |Ne2l proof of Proposition 3.1] D{Gm,U) = U x 
and dj^ = id. By the functoriality of the deformation construction we have 
(if = {w^)~^, so we need to compute 

(9z"(r")-i(t/i(f/,^)). 
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Decomposing z in 

and using Lemma dO] we obtain 

dz'{w'')-^(th(TJ,Q)) = dr^zl{w'')-\th{U,e)) = 

= {r:r\^d^prT}\r-{a-r'zl{w-)-\th{Um■ 

We can represent the Thom class th{U,6) G 7r^"''"(T/i(ii)) by the map 

(t, xi, X2, . . . , x„) f-^ (xi/t, X2, . . . , 

composed with p^" and the canonical shuffling isomorphism 

H„: ((G^,l) A5,i)^"^52"'" 

Identifying one copy of T with P^/A^ via u{x) = [a; : 1] we rewrite the above 
map as 

Hi: {t,Xi,X2, ...,Xn)^ i[xi : t],X2, • • • 

Put Y = (A^ X (A" — {0})) U ({1} X A") and consider the following diagram. 



uAid 




T AT 



An-l 



S' 



2ra,n 



An-l 



{0})/Ai X G„) A T 



X/Y 



An-l "'2 . 




(A2-{0},(1,1))AT^' 



Here H{x, y) = [y '■ x] and all the other maps are given by the tautological 
inclusions, i.e. Wi is induced by the inclusion U C (A^ — {0}) x A"~^, W2 and 
tfji are induced by (A^ - {0}) x A'"-^ C X, j' is given by the identity map on 
X and j is given by identity map on A^ — {0}. One can easily check that this 
diagram is commutative. Hence 

zUwn~\th{U,9)) = z-i{{w2Wir)-\th{U,9)) = 
There is the following commutative diagram consisting of isomorphisms. 



(A2-{0},(1,1))AT 



An-l 



:X/Y 



(A2 - {0})/((Ai X G„) U ({1} X A^)) A T 



An-l J*2Aic( 



1) AT AT' 



An-l 



All the maps in the diagram are induced by the tautological inclusions, S2 
is induced by G-m x A^ C A^ — {0} and Si is given by the identity map on 
A2 - {0}. 
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Thus we have 

Si'°((^rVia-V)-S^-i(S-(p«-iiJ))) = 
To sum up, the above considerations together with Lemma [TT] yield 

Now we examine the homomorphism 

e = ((r A td){td A p)r-i)'^S^'°SJS^'i : 7i-^'-\pt) vr2"+i'"(T^"+i). 

It can be represented as an external product with a homomorphism 
^2?i+2,n+i (jgscj-ibgfj in the following way. First of all we split all the into 
{id A p)'^E^'^ and carry all the p'^ out, 

-iNTT^ljOv'nV'lil 



((r A zc/)(ic/ A p)r,~^)"S^'^S^S^ 



(~~-l^An+l).j.2„+2,n+l^ 



where r and Tc^^ permute the corresponding (G^, l)-s and Sl-s. In fact, this 
permutations just take the last Si in the domain and put it between the first 
and the second G^-s, giving the following picture: 

. A Gm A Si A Si A ... A Si A Si 



Gm. A Gm, A 



A 




Gm. A Si 



A 



A Si 



A ; G™ A Sl:A ... A 



A Si ; 



In order to obtain we need to pair successive (Gm, l)-s and Sl-s in the 
lower row into copies of T via p. The corresponding picture for E^"*"^ co- 
incides with the above one up to a cyclic permutation of the 5'^-s. This 
permutation automorphism equals to (—1)" in the homotopy category, thus 



6. Inverting the stable Hope map. 



Let A*'*{—) be a bigraded ring cohomology theory represented by a com- 
mutative monoid A G Sl-i{k). Inverting rj G y4~^'~^(pt) we obtain a new 
cohomology theory with (2z,i) groups isomorphic to {2i + n, z + n) ones by 
means of the cup product with rj'"-. We identify these groups setting rj = 1 
and obtaining a graded cohomology theory: 

A\Y) = A*'*{Y) ®^..(,,) {A*'%pt)/{1 - r^)) , 

= {A*'*{Y) ®^.,.(,,) A;'*{p t)f'\ 

For the algebraic ii"-theory represented by BGL |PPR2| this construction 
gives BGL {pt) = since we have rj G BGL^^'^^{pt) = K-i{pt) = 0. As 
we will see in Corollary [1] it is always the case that an oriented cohomology 
theory degenerates to a trivial cohomology theory. Thus we are interested in 
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cohomology theories with a special hnear orientation but without a general 
one. Our running example is hermitian i^-theory represented by the spectrum 
BO that derives to the Witt groups. 

Proposition 4. For every smooth variety X we have a natural isomorphism 

BO'(X) = W'{X). 

Proof. See [AnJ. □ 

For the stable cohomotopy groups there is the following result by Morel. 

Theorem 1. There exists a canonical isomorphism (pt) ^ W'^{pt). 

Proof. See |Mor2]. □ 

Definition 18. From now on v4*(— ) denotes a graded ring cohomology theory 
obtained via the above construction, i.e. 

A*{Y) = A*'*{Y) ®A.HPt) {A*'*{pt)/{1 - v)) , 

for a bigraded ring cohomology theory A*'*{—) represented by a commutative 
monoid A G S'H{k) with a fixed special linear orientation. Hence we have 
Thom and Euler classes and all the machinery of theories with a special linear 
orientation, including the Gysin sequences and pushforwards. 

Remark 3. Note that from e-commutativity we have rjUrj = — eU (r^Ur^), thus 
inverting rj we obtain e = — 1. 

Definition 19. Let E he a. vector bundle over a smooth variety X. The 
hyperbolic bundle associated to E is the symplectic bundle 

H{E)=(^E®E\(^\ J))- 

Denote by bi{E) = p2i{H{E)) the even Pontryagin classes of H{E) and refer 
to them as Borel classes. The total Borel class is b^,{E) = ^bi{E)t^^ . 

We defined Borel classes for arbitrary vector bundles without any addi- 
tional structure. We will show later that for a special linear bundle T the 
odd Pontryagin classes p2i+i{H{T)) vanish, so we are indeed interested only 
in the even ones. Also, for special linear bundles there is an interconnection 
between the top Borel class and the Euler class. The following lemma shows 
it in the case of rank 2 bundles and the general case would be dealt with in 
Corollary [3l 

Lemma 12. Let T = {E, A) be a rank 2 special linear bundle. Then 

p4H{E)) = l-e{T)h^ = b,{T) 

Proof. Let be the symplectic form on E corresponding to A. There exists 
an isomorphism |Bal2l Examples 1.1.21, 1.1.22] 

SO we have 



p,{H{E))=p,iE,(P)p,{E,-(P) = 

= (1 + p,{E, 0)t)(l + p,{E, -<j))t) = (1 + e{E, A)t)(l + e{E, -X)t). 
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□ 



7. Complement to the zero section. 



In this section we compute the cohomology of the complement to the zero 
section of a special linear vector bundle. It turns out that there is a good 
answer in terms of the characteristic classes only in the case of the odd rank. 

Recall that for a special linear bundle T we denote by the complement 
to the zero section. We start from the following lemma concerning the case of 
a special linear bundle possessing a section. 

Definition 20. We denote an operator of the U-product with an element by 
the symbol of the element writing a for — U a. 

Lemma 13. Let T be a rank k special linear bundle over a smooth variety 
X with a nowhere vanishing section s ■ Then for some a G A^^^{T^) we 
have an isomorphism 



The section s induces a splitting for hence gives a splitting r for Oa- 



We want to obtain an isomorphism which does not depend on the choice of 
the section, so we act as one acts in the projective bundle theorem for oriented 
cohomology theories: take a certain special linear bundle over T° and compute 
its Euler class. 

Definition 21. Let p: E ^ X he a, vector bundle over a smooth variety X. 
The tautological line subbundle Le of {p*E)\eo could be trivialized by means 
of the diagonal section A: ^ Xx E. Hence, by Lemma [21 for a special 
linear bundle {E, A) there exists a canonical trivialization 

Ar^: det{p*E\Eo/LE) ^Oeo. 

Thus we obtain a special linear bundle Te = {{p*E\eo/ Le) , Ajg) over E^. 

For the Witt groups there is a result by Balmer and Gille. 

Theorem 2. Let {E,\) = {O'^^'^'^, 1) be a trivialized special linear bundle of 
odd rank over a point with n > 1. Then for e = e(7£;) G W'^"'{E^) we have an 
isomorphism 



(1, a) : A*{X) © A*+^-\X) A*(7^). 
Proof. Consider the Gysin sequence 

. . . ^ A*~\X) ^ A*{X) A A*(7^) ^ 



(X)A... 



We have the claim for a = t(1). 



□ 



1, e) : W*{pt) © W*-^''{pt) ^ W*{E°). 



Proof. See |BG| Theorem 8.13]. 



□ 



We can derive an analogous result for A*{—) from our computation in stable 
cohomotopy groups. 
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Lemma 14. Let {E,\) = (Op"'^^, 1), n > 1, be a trivialized special linear 
bundle over a point. Then for e = e{TE) € A^^{E^) we have an isomorphism 

(1, e) : A*{pt) © ^ 

Proof. Consider the Gysin sequence 

. . . ^ ^ A*{pt) ^ A'-^^'^pt) ^ ... 

The bundle is trivial hence e(i^^, A) = and the Gysin sequence consists of 
short exact sequences. 

Consider the dual special linear bundle Tg. Taking the dual trivialization 
of E"^ we obtain 

Te = {{Xq, X2n, I/O, • • • , y2n) E E^ X E"^ \ XqUq H h X2ny2n = 0}. 

There is a section s: E^ ^ with 

s(Xo, Xi, X2, . . . , X2„_l, X2n) = (a^Qj Xi, . . . , X2n, 0, X2, — a^i, . . . , X2ni —X2n-l)- 

This section meets the zero section in — {(^, 0, . . . , 0) 1 1 7^ 0}. Proposi- 
tion [1] states that e(T^) = iyi(l) for the inclusion i: — A^"+-'^ — {0} with 
the trivialization of det A^j arising from the trivialization of detT^. Identify 
Ni = T^Ig^ with f/ = X A2" c E^ via 

(t, 0, . . . , 0, 0, . . . , y2n) ^ (t, 1/1, ... , ?/2n)- 

The isomorphism A7-V : detT^|(G^ ^ C^G,„ arises from the canonical trivial- 
ization of -E^Ig™ and morphism 0: E'^ — > L^; = with 

4>{t,yo,yi, ■ ■ ■,y2n) = {t,tyo). 

Thus over t for y* = {y\,y2, . . . , y2n) we have 
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and 9: {U,Xr^) ^ (O^'^A) with e{t,yi,y2, . . . ,y2n) = (t, yi/t, 1/2, • • • , l/2n) is 
an isomorphism of special linear bundles. 

Consider the following diagram with v being a pushforward in stable co- 
homotopy groups for the closed embedding i with the trivialization 6 of the 
normal bundle. 

A°(G„) A^^{E') A'ipt) 

vf°(G„) -7f2-(i?0) ^7fO(pt) 

The left-hand side commutes since 6 is an isomorphism of special linear bun- 
dles. The right-hand side of the diagram consist of the structure morphisms for 
A* and the boundary maps for the Gysin sequences of the inclusion {0} — )■ E 
hence commutes as well. Proposition [3] states that 9^2^(1) = —1, thus 
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Hence, examining the short exact sequences 

^ A*{pt) A*{E^) % A*-^"{pt) 

given by the Gysin sequence, we obtain that {l,e(T^)} is a basis of A*{E^) 
over A*{pt). 

There is a nowhere vanishing section of © constructed analogous to 
s defined above, so 

eir^f = e{n © r^) = 0. 

Lemma [7] yields that for some ai,a2, Pi, G A*{pt) we have 
e = («i + /3i U e{r^)) U e{r^) = a^U e{T^), 

e{r^) = (a2 + /32 U e{r^)) U e = ^2 U ai U e(rs^). 

We already know that {l,e(T^)} is a basis, then q;2 U tti = 1 and ai is 
invertible. Hence {1, ai U e(T^)} = {1, e} is a basis as well. 

□ 

Corollary 1. Let A*'*{—) be an oriented cohomology theory represented by a 
commutative monoid A G S'H{k). Then A (pt) = 0. 

Proof. There is a natural special linear orientation on A*'*{—) obtained by set- 
ting th{E, A) = th{E) with the latter Thom class arising from the orientation 
of y4*'*(— ). Hence for a rank n special linear bundle we have e{E, A) = Cn{E). 
By the above lemma, for E = Op^ there is an isomorphism 

{l,C2{rE)):A\pt)®A*~\pt) ^ A\E'). 

Multiplicativity of total Chern classes yields c^:{Oe")c*{Te) = c*(C|o), hence 
C2(Te) = 0. The above isomorphism yields A*{pt) = 0. □ 

Having a canonical basis for a trivial bundle we can glue it into a basis in 
the cohomology of the complement to the zero section of an arbitrary special 
linear bundle of odd rank. 

Theorem 3. Let {E, A) be a special linear bundle of rank 2n + 1, n > 1, over 
a smooth variety X . Then for e = e{TE) we have an isomorphism 

(1, e) : A*{X) © ^ A*{E^). 

Proof. The general case is reduced to the case of the trivial vector bundle E via 
the usual Mayer- Vietoris arguments. In the latter case we have a commutative 
diagram of the Gysin sequences 

A*{X) A*-2n(x) ^ 

pA 

A* {pt) A*{E'°) ^ 

with E' = By Lemma[Il]the element dA{e {Te')) generates y4*"^"(pt) as 

a module over A*{pt), thus for a certain a G A*{pt) we have aUdA{e {Te')) = 1- 
Using E = p*E' we obtain 

aUdAie {Te)) = aU p^Oa^c {Te')) = 1, 
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SO Oa (e (Te)) generates A*~'^'^{X) over A*{X). Hence (1, e) is an isomorphism. 

□ 

Remark 4. In case of rank£^ = 1 one still has an isomorphism: a special linear 
bundle of rank one is a trivialized line bundle, hence there is an isomorphism 

A*{X) e A*{X) ^ A*{E^) = A*{X X G^) 

induced by the isomorphism A*{pt) © A*{pt) = A*(G„). 

CoroUciry 2. Let T be a special linear bundle of odd rank over a smooth 
variety X . Then e{T) — 0. 

Proof. Set rankT = 2n + l and e = e(7^. Consider the Gysin sequence 

. . . ^ A'^{X) 4 A^^'+^X) A ^2r^+l(7-0) ^ ^l(X) ^ . . . 

The above calculations show that j"^ is injective hence e = 0. □ 

8. Special linear projective bundle theorem. 

In this section we obtain a special linear version of the projective bundle 
theorem. First of all we introduce the varieties that act for the projective 
spaces in the special linear context. 

Definition 22. For k < n consider the group 

p,_(SL, * \ 
1^ SL„_k J • 

The quotient variety SGr{k, n) = SLn/P'f. is called a special linear Grassmann 
variety. We denote by Tl and T2 the tautological special linear bundles over 
SGr{k,n) with rankTi = k and rank 72 = n — k. 

Remark 5. We have a projection SLn/Pl — > SLn/Pk identifying the special 
linear Grassmann variety with the complement to the zero section of the deter- 
minant of the tautological vector bundle over the ordinary Grassmann variety 
Gr{k, n). This yields the following geometrical description of SGr{k, n): fix a 
vector space V of dimension n. Then 

SGr{k, n) = {([/< A e {A^Uf) | dim [/ = k}. 

In particular, we have SGr{l, n) = A" — {0}. 

Theorem 4. For the special linear Grassmann varieties we have the following 
isomorphisms. 

2n-2 

(1, ei, e^-^ 62) : A*-'\pt) © A*-'^+\pt) ^ A*{SGr{2, 2n)), 

i=0 

2n-\ 

(1, ei, el ef -^) : A*-^%t) ^ A*(5Gr(2, 2n + 1)), 

i=0 

with ci = e(7i), 62 = e(72)- 
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Proof. We are going to deal with several special linear Grassmann varieties 
at once, so we will use 7i(r, k) for 7i over SGr{r, k) and abbreviate e{Ti{r, k)) 
to ej(r, k) and e(7i(r, k^) to e^(r, k). The proof is done by induction on the 
Grassmannian's dimension. 

The base case. We have SGr{2,3) = SGr{l,3) ^ - {0} and under 
these isomorphisms the bundle 7i(2,3)'^ goes to 72(1,3) which goes to 7^3 

pi 

in the notation of definition f2T\ Note that rank7i(2,3) = 2, thus 7i(2,3) = 
ri(2,3)^ and e(ri(2,3)) = e (ri(2,3)''). Hence Lemma [H gives the claim for 
SGr{2,3). 

Basic geometry. Fix a vector space V of dimension k + 1, a subspace 
< of codimension one and forms Hi G {A^^^V)^,fi2 € (A'^W)^. Then 
we have the following diagram constructed in the same vein as in the case of 
ordinary Grassmannians: 

SGr{2, k) SGr{2, k + 1) Y 

p 

SGr{l,k) 

the inclusion i corresponds to the pairs (f/, fi G {A'^U)^) with U < W, dim U = 
2; the open complement Y consists of the pairs {U, fi G (A^f/)°) with dim U = 
2,dim?7 nW = 1; the projection p is given by p{U, fi) = (f/ fl W, fi') where 
n' is given by the isomorphism [U fl W) ^ V/W = A^U . Here i is a closed 
embedding, j is an open embedding and p is an A^-bundle. Take an arbitrary 
/ G such that ker / = W . It gives rise to a constant section of the trivial 

bundle {^^sGr{2 k+i)^ hence a section of 7i(2,A; + 1)^. The latter section 
vanishes exactly over i{SGr(2, k)). Note that we have rank7i(2. A; + 1) = 2 
hence e^(2, k + 1) = ei{2,k + 1). 

k=2n-l. Consider the localization sequence. 

. . . -> A*-\SGr{2, 2n - 1)) ^ A*{SGr{2, 2n)) A A*(5Gr(l, 2n-l))^ ... 

Lemma [H] states that {1, 62(1, 2n — 1)} is a basis of A*{SGr{l, 2n — 1)) over 
A*{pt). We have j*7^(2, 2n) = p*7i(l, 2n - 1) and 

/(e2(2,2n)) = 62(1,2^-1) 

hence is a split surjection (over A*(pt)) with the splitting defined by 

1 ^^ 1, 62(1, 2n - 1) ^ 62(2, 2n). 

Then %a is injective. Hence to obtain a basis of A*{SGr{2., 2n)) it is sufficient 
to calculate the pushforward for a basis of 74*~^(S'Gr(2, 2n — 1)) and combine 
it with {1, 62(2, 2n)}. Using the induction we know that 

{l,ei(2,2n-l),...,ei(2,2n-l)2"-3} 

is a basis of A\SGr(2, 2n - 1)). We have i*{Ti{2, 2n)) = Ti{2, 2n - 1) hence 

ei(2,2n- 1) = z^(ei(2, 2n)). 

By Proposition [1] we have 

M(ei(2,2n-l)') = ei(2,2n)'+i 
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obtaining the desired basis 

{ei(2, 2n), ei(2, 2nf, . . . , ei(2, 2nf''-\ 1, 62(2, 2n)} 

of A*{SGr{2,2n)) over A*{pt). 

k=2n. Consider the locahzation sequence. 

. . . ^ A*-\SGr{2, 2n)) % A\SGr{2, 2n + 1)) A A*{SGr{l, 2n)) % ... 

Using the induction we know a basis of A*{SGr{2, 2n)), namely 

{1, ei(2, 2n), ei(2, 2^)^, . . . , ei(2, 2n)2"-2, 63(2, 2n)} 

and Lemma [13] gives us a non-canonical basis {1,q;} for A*{SGr{l,2n)). Ex- 
amine ^^(62(2, 2n)). It can't be computed using Proposition [T] since it seems 
that 62(2, 2n) can not be pullbacked from A*{SGr{2, 2n+l)), so we use the fol- 
lowing argument. Consider a nontrivial vector w & W.lt induces constant sec- 
tions of 0|Gr(2,2n) ^'^'^ ^5GV(2,2n+i) ^'^'^ sectious of 72(2, 2n) and 72(2, 2n + l). 
The latter sections vanish over SGr{l,2n — 1) and SGr{l,2n) respectively. 
Here SGr{l, 2n — 1) corresponds to the vectors in W/ (w) and SGr{l, 2n) cor- 
responds to the vectors in V/{w). Hence we have the following commutative 
diagram consisting of closed embeddings. 

SGr{l, 2n - 1) SGr{2, 2n) 

i' i 

SGr{l, 2n) ^ SGr{2, 2n + 1) 

By Proposition [T] we have 62(2, 2n) = 'r^(l), so, using Proposition |21 we obtain 
^A(e2(2, 2n)) = ryiz^(l). Notice that Nii is a trivial bundle of rank one. In fact, 
there is a section of trivial bundle 71(1, 2n)^ over SGr{l,2n) constructed 
using the same element / such that ker f = W and this section meets the 
zero section exactly at SGr{l, 2n — 1). So we have 

M(e2(2,2n)) = r^4(l) = r^(e^(l,2n)) = r^(0) = 0. 

We claim that keri^ = A*{pt) U 62(2, 2n) and Imj^ = A*{pt) U 1. We have 
j^(l) = 1, hence 9^(1) = and 

ker^A = lm.dA = A*{pt) U ^^(a). 

The localization sequence is exact, so we have 

e2{2,2n) = dA{yUa) =yUdA{a) 

for some y G A*{pt) and since 62(2, 2n) is an element of the basis, y is not 
a zero divisor. Consider the presentation of ^^(a) with respect to the chosen 
basis: 

dA{a) = a;o U 1 + xi U ei(2, 2n) + ■ ■ ■ + X2n-2 U ei(2, 2r2)2"-2 + ^ u 62(2, 2n). 

We have y U dA{<y) = 62(2, 2n), hence y U z = 1 and every y U Xi = 0, hence 
Xi = 0. Then dA^a) = zU 62(2, 2n) and 

keiiA = lmdA = A*{pt)UdA{a) = A*{pt) U 62(2, 2n). 

We have 

5a(xo U 1 + Xi U a) = Xi U ^^(a;) = Xi U z U 62(2, 2n), 
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hence Imj = kei Oa = A*{pt) U 1. 

jA 

There is an obvious sphtting for A*{SGr{2, 2n + l)) — > Imj , 1 H- 1. Then 
calculating by the same vein as in the odd-dimensional case the pushforwards 
for the basis of Coker 5^, {ei(2, 2?t,)'}, and adding to them {1}, we obtain the 
desired basis of SGr{2, 2n + 1) 

{ei(2, 2n + 1), . . . , ei(2, 2n + l)^"-!, 1}. □ 

Definition 23. Let T be a special linear bundle over a smooth variety X. We 
define the relative special linear Grassmann variety SGr{k,'T) in an obvious 
way. This variety is a S'Gr(fc, rank T) -bundle over X. Similarly to the above, 
we denote by 7i and Ti the tautological special linear bundles over SGr{k, T). 

Theorem 5. Let T he a special linear bundle over a smooth variety X. 

(1) //rankT= 2n then there is an isomorphism 

2n-2 

(1, ei, 62) : A*-^'{X) © A*-2"+2(X) ^ A*{SGr{2, T)), 

i=0 

with ci = e{Ti), 62 = e(7^). 

(2) //rankT = 2r2 + 1 then there is an isomorphism 

(1, e, e^ e^-i) : A*~'\X) ^ A*{SGr{2, T)), 
with e = e(7i). 

Proof. The general case is reduced to the case of the trivial bundle T via the 
usual Mayer- Vietoris arguments. The latter case follows from Theorem |H □ 

9. A SPLITTING PRINCIPLE. 

In this section we assert a splitting principle for the cohomology theories 
with a special linear orientation and inverted stable Hopf map. The principle 
states that from the viewpoint of such cohomology theories every special linear 
bundle is a direct sum of rank 2 special linear bundles and at most one trivial 
linear bundle. 

Definition 24. For ki < k2 < ■ ■ ■ < consider the group 

/ SLk, * ... * 
^, _ SLk2-k^ ■■■ * 

V ... / 

and define a special linear flag variety as the quotient 

SJ^{ki, ...,km) = '5Lfe,„/Pfc^ 

In particular, we are interested in the following varieties: 

SF{2n) = SJ^{2, 4, 2n), SF{2n + 1) = SF{2, 4, 2n, 2n + 1). 

These varieties are called maximal SL2 flag varieties. Similar to the case of the 
special linear Grassmannians we denote by 71 the tautological special linear 
bundles over SJ^{ki, k2, ■ ■ ■ , km) with rank 71 = ki — ki^i. 
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Remark 6. The projection 

SJ^iki, k2,..., km) = S'L„/P^^ — )• SLn/Pki,...,kn, = -^(^i, ^2, 

yields the following geometrical description of the special linear flag varieties. 
Consider a vector space V of dimension k^- Then we have 



SJ^{ki,k2,...,km) = 

{Vi<---<Vm-i<V,X,, 



Xm-i) dimVj = kj, Xj E (A'^^V,)"} 



Definition 25. Let T be a special linear bundle over a smooth variety X. 
Then we define the relative special linear flag variety SJ^{ki, ^2, ■ ■ ■ , k^-i, T) 
in an obvious way. This variety is an SJ^{ki, k2, . . . , k^-i, rank T)-bundle over 
X. We denote relative version of the maximal SL2 flag variety by SJ^{T). 

Theorem 6. Let T he a rank k special linear bundle over a smooth variety X . 
Then A*{SJ^{2, 4, . . . , 2n, T)) is a free module over A*{X) with the following 
basis: 



k is odd: 



k is even: 



where Cj 



U1U2 . . .Un Ui 

e{Ti, X-n). 



0<mi<k-2i} 



ef% 0<mi<k-2i 



Proof. Proceed by induction on n. For n = 1 the claim follows from Theo- 
rem [5l 

Consider the projection 

p: F = 5J^(2, 4, . . . , 2n, T) ^ 5J^(2, 4, . . . , 2n - 2, T) = Fi 

that forgets about the last subspace. Denote the tautological bundles over Y 
by Ti and the tautological bundles over Yi by 

k is odd. Using an isomorphism Y = SGr{2, 7^') and Theorem^we obtain 
that A*{Y) is a free module over A*{Yi) with the basis 



B={1, 



^k-2n 



}■ 



Using the induction we have the following basis for A*{Yi): 



Bi = { eT'eT' . . . eT-{" | < < A; - 2z} , 

with e[ = e{Tl). One has p*(l~') = Ti and p^(e^) = Cj for i < n—1. Computing 
the pullback for Bi and multiplying it with B we obtain the desired basis. 

k is even. This case is completely analogous to the previous one. We have 
an isomorphism Y = SGr{2,Tn) then by Theorem [5] obtain that A*{Y) is a 
free module over A*{Yi) with the basis 



B 







^Un 


Un = 



e-n" , <mn < k — 2n 



Using the induction we have the following basis for A*{Yi): 

Bl = < U1U2 . . . Un-l 



Ui 



^/rtii ^ Q < ^ . < _ 22 
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with e[ = e{Tl). Note that p*{Tl) = 71 and ^^(eQ = d for i < n - 1. 
Multiphcativity of the Euler classes yields p"^{e'^) = e„e„4.i. Computing the 
pullback for Bi and multiplying it with B we obtain the desired basis of Y. □ 

A straightforward consequence of the splitting principle is the following 
corollary relating the top characteristic classes of special linear bundles. 

Corollary 3. Let T be a special linear bundle over a smooth variety X and 
put n = rank T] ■ Then we have 

(1) e(r) = eiT), 

(2) b,{r)=p4H{r)), 

(3) bi{r) = fori>n, 

(4) z/rankT = 2n then bn{T) = (-l)"e(r)^ 

Proof. Consider p : Y SJ^{T) ^ X with pi being an A'"-bundle splitting 
the P2T into a sum of special linear vector bundles isomorphic to p^Ti- One 
can construct F in a similar way as we used in LemmaEl From the theorem we 
have that is an injection. We have p*T = 0jPt7I and p*T^ = ^iPlT^- 
Note that rankpJTI < 2, hence plTi = PiT^ and we obtain p*T = p*T^, so 
p^e(r) = p^e(r^) and e(r) = e(r^). 

By Lemma [12] and multiphcativity of total Pontryagin classes we have 

n 

1=1 

thus the odd Pontryagin classes vanish and 6j = for i > n. Moreover, for a 
special linear bundle of the even rank this equality yields 

n 

/6„(r) = (-1)" n = i-mpMT)?. □ 
1=1 

Another consequence of the splitting principle is multiphcativity of total 
Borel classes. 

Lemma 15. Let T be a special linear bundle over a smooth variety X and 
letTi <T be a special linear subbundle. Then b^(l~) = 6*(7i)&*(T/7i). 

Proof. Considering the A'"-bundle p: Y X described in Lemma [3] one may 
assume that T =Ti® T /Ti. The claim of the lemma follows from the second 
item of the above corollary and multiphcativity of total Pontryagin classes. 

□ 

We finish this section with the theorem claiming that every special linear 
bundle of even rank is cohomologically symplectic in the following precise 
sense. 

Theorem 7. Let T = {E, A) be a special linear bundle of even rank over a 
smooth variety X. Then there exists a morphism of smooth varieties p: Y ^ 
X such thatp^: A*{X) — )■ A*{Y) is injective and p*E has a canonical sym- 
plectic form (f) compatible with trivialization p*X. 

Proof. Consider the same morphism p: F — )■ X as we used in the proof if 
Corollary [3l i.e. Y is an A^'-bundle over SJ^{T) such that 

p*T = 71, 
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where % are special linear bundles of rank two. Theorem [6] yields that is 
injective. The special linear bundles % = {E, Aj) have canonical symplectic 
forms (pi induced by trivializations Aj. Hence E = ^ Ei has a symplectic form 
= 01 _L 02 -L • • • -L 0n and it is compatible with A = Ai A2 ® . . . ® A„. □ 

10. COHOMOLOGY OF THE PARTIAL FLAGS. 

Now we turn to the computation of the relations that Borel and Euler 
classes of the tautological bundles satisfy. 

Theorem 8. Let T be a special linear bundle over a smooth variety X and 
put hi = bi{T),e = e(T) for its characteristic classes. Then for the special 
linear Grassmannian SGr{2, T) we have the following natural isomorphisms 
of A* {X)- algebras. 

(1) If TankT = 2n then 

01 : A*iX)[e^,e,]/J^^^^^^A*iSGri2,r)), 

where 

n-l 

R2,2n = (eics - e, (-l)"e2 + ^ 6„_i_ief ) 

i=0 

and the isomorphism is induced by 0i(ei) = e(7i),0i(e2) = e(72)- 

(2) //rankT = 2ra + 1 then 

02: ^*W[^i]/(Er=o&n-ef) ^A*iSGr{2,r)), 

the isomorphism is induced by 02 (ei) = e(7i). 

Proof. In view of the Theorem [5] it is sufficient to show that the claimed 
relations hold, since 0i and 02 are supposed to map the bases to the bases. We 
have an isomorphism p*T /Ti = T2 for the natural projection p: SGr{2, T) — t- 
X, so the relation e(7i)e(72) = e follows from the multiplicativity of the Euler 
class. In order to obtain the others relation compute the total Borel class 

&*(/r) = 6*(ri)6*(r2). 

Dividing by b^Ti) = 1 + 6i(ri)t2 in A*{SGr{2,r))[[t]] we get 

1 + (&i - h{ri))t' + ...+ (j^i-^Yk-MriY^ t'^ + ... = Y.h{%)e\ 

In case of rank T = 2n recall that by Corollary [2] 

&i(ri) = -e{T,)\ 6„_i(r2) = {-ir-'e{%f 

and compare the coefficients at In the other case by the same Corollary [3] 

we have 61 (7i) = —e{TiY ^"^^ ^n(72) = 0, so the claim follows from the 
comparison of the coefficients at t^^. □ 

Corollary 4. There exist natural isomorphisms of A* {pt)- algebras 

(1) 01 : A*(pt)[ei,e2]/(g^g^^g2n-2^(_^)„g2) ^A*{SGr{2,2n)), 

(2) 02: ^*(P^)[ei]/(e2n) ^ A*{SGr{2,2n + l)), 
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induced by 0i(ei) = e{Ti), 0i(e2) = e(7^) and 02(ei) = e{Ti). 

Proof. The characteristic classes of the trivial bundle vanish, so the claim 
follows from the above theorem. □ 

In order to write down the relations for the cohomology of the special linear 
flag varieties we need to perform certain computations involving symmetric 
polynomials. Put hi{xi,X2, ■ ■ ■ ,Xn) for the i-th complete symmetric polyno- 
mial in n variables. 

Lemma 16. Let Ox be a trivialized special linear bundle over a smooth variety 
X. Suppose that there is an isomorphism of special linear bundles {Ox, 1) — 
i®i=i7i) ffi 7"' for the special linear bundles 71 of rank 2. Then 

h{r') = K{e{7{)\e{r2)\...,e{%f). 

Proof. Using the multiplicativity of total Borel classes and Lemma [T2] we 
obtain 

k 

{X{{i-e{rm)hAr) = K{oi) = i. 

i=l 

The claim follows from the comparison of the coefficients at t^' in the series 
obtained inverting (1 - e{V)H'^) in A*{X)[[t]]. 

k 

1 + hiTY + + =\{iX + e{%ft^ + e{Xi)H^ + ...) = 

1=1 

= 1 + hMTif, . . . , e{Tk)')e + /^2(e(rl)^ . . . , e{Tk)^)t' + ... 

□ 

Proposition 5. We have the following isomorphisms of A* {pt)- algebras. 

(1) 0i: A*{pt)[eu...,em,e'jl j^^^^^ ^ A*(5^(2, 4, . . . , 2m, 2n)), 
where 

hniM = (eie2 . . . Cmc'^, {-iTej . . . e^e^ + /i„_i(e^), 
i-ir~'el..ele'^ + h^.,{el,el),..., 

^ + ^n-m(ei, 63, ... , 6^)) 

and the isomorphism is induced by 0i(ej) = e{Ti), 0i(e^) = e{Tm+i)- 

(2) 02: ^*(:P^)[ei'---'e-]//2m,2n+i ^ A*{SF{2A,...,2m,2n + l)), 
where 

hm,2n+i = (hniel), /i„_i(e^, el), . . . , hn-m+i{el, el, ... , e^)) 
and the isomorphism is induced by 02 (ci) = e(7i). 

Proof. The detailed proof would be quite messy, so we present the reasoning 
only for item (2). The even case is quite the same, but the formulas are a bit 
more complicated. 

The considered special linear flag varieties are iterated SGr{2, A;)-bundles, 
so one may proceed by induction on m. The case of m = 1 was dealt with 
in Corollary SI Write 7i,m for the z-th tautological special linear bundle over 
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SJ^{2, 4, . . . , 2m, 2n + 1). As usual, taking an A'"-bundle Y SJ-" allows us 
to assume that O'^^ splits into a sum (©™,i7i,m) © 7^,m+i- Put 

m 

'^j,m ~ ( 'Ti^m) © Tm+l,m 

i=j+l 

and shorten the notation for the Euler classes via Cj^m = e{Ti,m), ^'im = ^i%'m)- 
There is a natural isomorphism 

5^(2, 4, . . . , 2m + 2, 2ri + 1) = SGr{2, T^+i.m). 

By Theorem [8] there is an isomorphism 

A*(5J^(2,4, ...,2m,2n + l))[e„+i,„+i]/('y-n-m, x2i )^ 

= A*{SJ^{2, 4, . . . , 2m + 2, 2n + 1)). 

The induction assumption provides the description for the coefficients of this 
polynomial algebra that is 

A*{ST{2, 4, . . . , 2m, 2n + 1)) ^ A*{pt)[ei,m, • • • , em,m] j /^^ • 

Note that Cj^m = ^i,m+\ for i < m. Thus it is sufficient to show that 

n—m 

^ ] ^n-m-i{%n,m)^m+l,m+l ~ ^n-mi^l^m+l^ ^2, m+1' • • • ' ^m+l,m+l)- 

Applying Lemma [16] we obtain 

^n-m-iij'm,m) ~ ^n-ni-j(^l,m' ^2,m' • • • ' ^m,m)- 

The claim follows from the well-known identity 

k 

hk{xi,...,xi) = '^hi{xi,..., xi^i)xf~\ □ 

i=0 

Remark 7. The relations in the proposition arise from the comparison of the 
different descriptions for the top Borel class of 

(-l)-(e,+i . . . e„+i)' = {-iye{V,my = K-^iV) = hn-^{el ...,e^). 
In the even case there is another one relation expressing the triviality of the 
Euler class of the bundle (©^i7i) © Tm+i- 

There is another description for the ideals l2m,2n and /2m,2n+i- 

Lemma 17. For the above ideals l2m.2n o-nd l2m,2n+i we have 

■^2m,2n — (6162 • • • 6^,6^' ( -'-) ^ ^m ~^ ^n— m(Ci, 62, . . . , 6,^), 

^n— m+l(^l; • • • ; ^ni)i ^n— m+2(Cl; • • • ; ^m)i • • • 1 ^n— 1(^1) • • • ; ^m)); 
-^2m,2n+l = {hn-m+l{^\i ■ ■ ■ , ^m) J hn-m+2{.^\i ■ ■ ■ , 6^); • • • 5 hn{el, . . . , 6^)) . 

Proof. This equalities follow from the obvious identity 

hi{xi,X2, ...,Xn) = hi{xi,X2, ■ ■ ■ , Xn-l) + (Xi , X2 , . . .,Xn). □ 

Remark 8. The vanishing of the polynomials hi^ef, . . . , e^) corresponds to the 
vanishing of the Borel classes bi{Tm+i), ^ > n — m for the tautological bundle 
Tm+i over SJ^{2, 4, . . . , 2m, 2n + 1). 
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Remark 9. Consider the case of the maximal SL2 flag variety, i.e. SJ-'{2n) 
and SJ-'{2n + 1). Investigation of the above relations yields that the cohomol- 
ogy of these varieties coincide with the algebras of coinvariants for the Weyl 
groups W{Dn) and W{Bn) respectively. In other words, there are natural 
isomorphisms 

A*{ST{2n)) = A*{pt)[ei, e^, e„] /(,^, • • • , t) , 

A*{ST{2n + 1)) = A*{pt)[eu e^, e„] /(,^, • • • , s^) 

where Sj = o"j(e^, e^, . . . , e^) for the elementary symmetric polynomials at and 
t = 6162 . . . e„. 

11. Symmetric polynomials. 

In this section we deal with the polynomials invariant under the action 
of the Weyl group W{Bn) or W{Dn) and obtain certain spanning sets for 
the polynomial rings. Our method is an adaptation of the one used in \Fu\ 
§ 10, Proposition 3]. 

Consider and flx a usual basis {ei, . . . , e„}. Let 

WiBn) = {0 e Aut{Z^) I 0(ei) = ±e,} 

be the Weyl group of the root system i?„ and let 

WiDr.) = {0 G AMt(Z") I 0(e,) = (-l)'^'e„ (-1)^'=' = 1} 

be the Weyl group of the root system D^. Identifying R = Z[ei, . . . , e„] with 
the symmetric algebra Sym*{{'L'^Y) in a usual way, we obtain the actions of 
these Weyl groups on R. Let Rb = and Rd = R^^^"^ be the algebras 

of invariants. 

For the elementary polynomials cr^ G T^lxi, . . . , Xn] consider 

Si = ai{el, ...,el), t = cr„(ei, . . . , e„). 

One can easily check that Rb = . . . , s„] and R^ = Z[si, . . . , Sn-i, t]. 

In order to compute spanning sets for R over Rb and R^ we need "decreas- 
ing degree" equalities provided by the following lemma. 

Lemma 18. There exist homogeneous polynomials gi, hi G R such that 

n n~l 
1=1 i=l 

Proof. Let Ib = {si, . . . , s„) and //) = (si, . . . , s„_i, t) be the ideals generated 
by the homogeneous invariant polynomials of positive degree. We need to show 
that ef G Ib and e?""^ G Id- Set = R/Ib, Sd = R/Id- 
Consider Sb [[x]]- Since all the Si belong to Ib we have 

{l-elx){l-elx)...{l-elx) = l, 

hence 

(1 — elx){l — elx). . .(1 — e^x) = 1 + e^x + e\x^ + . . . 
Comparing the coeflicients at a;" we obtain e^" = 0, thus ef" G J^- 
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Consider So [[x]]. As above, we have 
hence 

(1 + eix){l - elx'^){l - egX^). . .(1 - e^x^) = 1 + eix + e^x^ + . . . 
Comparing the coefficients at x^""^ we obtain 

-2n-i ^ (_i)"-ieie2. . .el = {-iy'-He2e3. . .e„ = 0, 
thus -1 elo- □ 

Proposition 6. In the above notation we have the following spanning sets: 

(1) Bi = {ef^e™^ . . . e™" I < mi < 2n - 2i + 1} 
spans R over Rb- 

(2) B2 = |miM2 • --Un^l 

spans R over Rd- 

Proof. In both cases proceed by induction on n. The base case of n = 1 is clear. 
Denote by B'l and B'2 the spanning sets in i?' = Z[e2, . . ., e„] and let s[.t' G R' 
be the corresponding invariant polynomials. Note that = eis^_^ + s[ and 

It is sufficient to show that every monomial is a Rb (or Rd) linear com- 
bination of the monomials of lesser total degree and monomials from the 
corresponding spanning set. 

(1) Consider a monomial / = e\^e2^ . . .e^" e R. In case of ki > 2n we can 
use the preceding lemma and substitute giSi for e^" obtaining 

with deg (y'jei^~^"e2^ . .e^" < deg/, so we get the claim. Now suppose that 
ki < 2n. By the induction we have 

ere3^3...e^ = ^a,(5;,...,Ci)&; 

for some b'j G B[ and aj G Z[xi, . . . , Xn-i]- We can assume that all the sum- 
mands at the right-hand side are homogeneous of total degree k2 + ■ ■ ■ + kn- 
Since Si = eis'^_^ + s'^ one has 

aj(si, Sn-i) = aj (s'l, . . . , + e[/3ji 

l>0 

for some E Rb- Thus we obtain 

Note that e^^h'- G Bi^ so the first sum is a i^^-linear combination of the 

monomials from the spanning set. If degjiji > then degei^^^'j < deg / and 
it is the case of the linear combination with lesser total degree. At last, in case 
of deg pji — there are two variants: iiki + l < 2n then we have ei^'^''bj G Bi, 
otherwise ki + l >2n and we can lower the total degree by using the preceding 
lemma. 



Ui 



ef\ 0<mi<2n-2i 
61+161+2 ■ ■ ■ e„ 
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(2) Consider a monomial / = e^^e2^. . .e^" e R. As above, in case of ki > 
2n — 1 we can use the preceding lemma and lower the total degree, so suppose 
that ki < 2n — 1. By induction we have 

for some b'^ e B2 and aj e . . . , Xn-i]- One has t''^ — hence 

• • • 5 s^_2, t) = aj{si, . . . , s^_2, -s^_i) + t . . . , S„_2, -Sn-l)- 

As above, we can substitute Sj into aj and and obtain some /3ji, /3ji e Rd- 
Thus we have 

/ = ^ e'l'ajisi, Sn-i)b'j + J2 ■ ■ ■ , Sn-i)t'b'^- 

3 j 

-Y,e',^+%,b'^-Y,e',^+%A'r 

3,1 hi 

In the first sum we have e^^6^- G B2- One has G i32, so in case of fci = 
the second sum is a linear combination of the elements from the spanning set, 
otherwise, if fci > 1, one can lower the total degree by carrying out t — eit'. 
The third sum is dealt with like the second one in (1), in case of degPji — 
we use that e'l^'^''b'j e B2 or lower degree using the preceding lemma, otherwise 

we lower degree by carrying out f3ji. At last, in the forth sum we lower degree 
by carrying out t — eit' . 

□ 

12. COHOMOLOGY OF THE SPECIAL LINEAR GRASSMANNIANS AND BSLn- 

Now we are ready to compute the cohomology of the special linear Grass- 
mannians. Recall that hi{xi,X2, ■ ■ ■ , x„) = Qiici, (T2, . . . , a"„) for a certain poly- 
nomial Qi e Z[yi,y2,---,yn]- 

Theorem 9. For the special linear Grassmannians we have the following 
isomorphisms of A* (pt)- algebras. 

(1) 0i: ^*(pt)h,b2,-,bm,e,e']^ j^^^^^^ ^ A*(SGr(2m,2n)), where 

J2m,2n = (ec', 6^ - 6„„ (_l)"-'»+ie'2 + g^_^{bi, 62, • • • , bm), 

9n—m+l 

(61, 62 • • • , bm), gn-m+2{bl, ^2, • • • , bm), ■ ■ ■ , 
gn-l{h:b2,...,bm)) 

and the isomorphism is induced by (f)i{bi) — bi{7i), 0i(e) = e(7i) and 
<Pi{e') = e{%). 

(2) 02: ^*(^^^)[^i'^2,.-,6m,e]yj^^^2^^^ ^ A*{SGr{2m,2n+l)), where 

J2m,2n+1 — (c^ " bm, 9'n-m+l(6l, 62, ■ ■ ■ , ^m), 

9n-m+2 (61, 62, • • • , 6m), . . . , gn{bi, 62, ... , bm)) 
and the isomorphism is induced by ^2(61) = 6i(7i) and 02(e) = e(7i). 
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Proof. (1) Consider the special linear flag variety p: SJ^{Ti) — ?■ SGr{2m, 2n). 
The homomorphism is injective by Theorem O There is a natural isomor- 
phism 

SJ^iTi) ^ <SJ'(2, 4, . . . , 2m, 2n). 
Denote this variety by ST. Proposition |5] yields that there is an injection 

A*{SGr{2m,2n)) A*{pt)[e,, . . . , e^, e'J ^ j^^^^^. 

We have p^(e(7i)) = em,P^{e{'T2)) = and by Lemma fT2] and multiplica- 
tivity of total Borel classes p^(&j(7i)) = o"j(ef , 63, . . . , e^). From now on we 
omit p"^ and regard A*{SGr{2m,2n)) as a subalgebra of A*{SJ-'). Lemma fT71 
shows that J2„,2m C /2„,2m = </2n,2m^* J") , morcovcr, 

J2n,2m = hn,2m H . . . , 6^, 6, c'] 

since by Proposition [6] the algebra A*{pt)[ei, . . . , e^, e^] is a free module over 
.4*(pt)[6i,...,5^,e,e']. 

Hence there exists the announced map 

01 : A*{pt)[bi,b2,...,bm,e,e']^ j^^^^^ ^ A*{SGr{2m,2n)) 

with (j)i{bi) = ai{el, 63, ... , e^), 0i(e) = 6162 . . . and 0i(e') = and it is 
injective. 

Applying Theorem [H] we obtain that the set 

„ , eT\0<mi <2n-2i 

B = < U1U2 . . . Um~l 



Ui 

64+164+2 . . . 

forms a basis of A*{SJ^) over y4*(5'G'r(2m, 2n)). Note that by the same the- 
orem A*{SF) is generated as an 74*(pt)-algebra by ei, 62 . . . , e^, e^, thus by 
Proposition [6] we know that B spans A* {SJ^) over the algebra 

/m(0i) =A*(pt)[0i (61), 01(62),..., 0i(&™-i),0i(e),0i(e')], 

hence /m(0i) = A*(S'G'r(2m, 2n)) and 0i is surjective. 

(2) could be obtained via the similar reasoning. □ 

Remark 10. It seems that there is no good description for A*{SGr{2m+l., 2n)) 
in terms of the Euler and Borel characteristic classes. For instance, consider 
the simplest example SGr{l, 2) = — {0}. It is isomorphic to the unpointed 
motivic sphere 5^'^ so A*{SGr{l,2)) ^ A*{pt) ® A*'^{pt), but we do not 
have an appropriate nontrivial special linear bundle over A* {A? — {0}) to take 
the characteristic class. Another complication comes from the fact that the 
grading shift is odd whereas our characteristic classes lie in the even degrees. 

Now we turn to the computation of the cohomology rings of the classifying 
spaces 

BSLn = lii^ SGr{n,m). 

meN 

The case of BSL2n easily follows from Theorem [91 In order to compute 
the cohomology of BSL2n+i we will use a certain Gysin sequence relating 
A*{BSL2n+i) to A*{BSL2n). 

Recall that A* is constructed from a representable cohomology theory. In 
this setting we have the following proposition relating the cohomology groups 
of a limit space to the limit of the cohomology groups |PPR2| Lemma A. 5. 10]. 
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Proposition 7. For any sequence of motivic spaces Xi -t- X2 ^ X3 . . . 

and any p we have an exact sequence of abelian groups 

^ \im^AP-\Xk) ^ AP{\imXk) \imAP{Xk) 0. 

As usual, the lim^ term vanishes whenever the Mittag-Leffler condition is 
satisfied, i.e. if for every i there exists some k such that for every j > k one 
has Im{A*{Xj) A*{Xi)) = Im{A*{Xk) A*{Xi)). 

Consider the sequence of embeddings 

. . . ^ SGr{2n, 2m + 1) SGr{2n, 2m + 3) ^ . . . 

By Theorem Owe know that i2m+i are surjective hence 

AP{BSL2n) = l^AP{SGr{2n,2m+l)) = l^AP{SGr{2n,m)). 

The sequence of the tautological special linear bundles 71 over SGr{2n,m) 
gives rise to a bundle T over BSL2n- We have a sequence of embeddings of 
the Thom spaces 

. . . ^ Th{ri{2n, 2m + 1)) Th{ri{2n, 2m + 3)) ^ . . . 

where 7i{i,j) is the tautological special linear bundle over SGr{i,j). Since 
all the considered morphisms Ti{2n,k) — )• 71 (2n,/) are inclusions there is 
a canonical isomorphism Th{T) = lii^7i(2n, m). For every k we have an 
isomorphism 

A*-2"(5G'r(2n,A;)) ''*''^^^^'"'^^^) A*{Th{ri{2n,k))), 

so j2m+i surjective as well as i2m+i and 

A^iThiT)) = l^A^'(ri(2n,m)). 

Definition 26. Let T be the tautological bundle over BSL2n- Denote by 
hi{T),e{T) e A*{BSL2n) and th{r) G A*{Th{T)) the elements correspond- 
ing to the sequences of the classes of the tautological bundles, 

h{T) = {. . . ,bi{ri{2n,m)),k{rii2n,m + 1)), . . .), 
e{T) = (..., e(ri(2n, m)), e(ri(2n, m + 1)), . . . ), 
th{r) = (..., th{Ti{2n, m)),th{Ti{2n, m + 1)), . . . ), 
with 7i(2n,m) being the tautological special linear bundle over SGr{2n,m). 

The above considerations show that we have a Gysin sequence for the tau- 
tological bundle over the classifying space BSL2n- 

Lemma 19. Let T he the tautological bundle over BSL2n- Then there exists 
a long exact sequence 

. . . A*-2"(5SL2„) ^ A*{BSL2n) A A*{BSL2n-l) 4 . . . 

Proof. For the zero section inclusion of motivic spaces BSL2n — )■ T we have 
the following long exact sequence. 

. . . ^ A*{Th{r)) A*{T) A*{r^) 4 . . . 



The isomorphisms 

A*-^-(SGr{2n, k)) ''*''^'^^^'"''^^> Th{ri{2n, k)), 
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induce an isomorphism A*-^"" {B S L2n) — ^ A*{Th{T)), so we can substi- 
tute A*'"^"^ {B S L2n) for the first term in the above sequence. Using homotopy 
invariance we exchange T for BSL2n- By the definition of e(T) the first arrow 
represents the cup product Ue(T). 
We have isomorphisms 

7^ ^ \u^SGr{l,2n-l,m) = lii^ SGr(2n - 1, 1, m). 

The sequence of projections 

. . . ^ SGr{2n - 1, 1, m) ^ SGr{2n - 1, 1, m + 1) ^ . . . 

. . . ^ SGr{2n - 1, m + 1) ^ SGr{2n - 1, m + 2) ^ . . . 

induces a morphism T° BSL2n^i- Note that 

SGr{2n - 1, 1, m) = 7^(2n - 1, m + 1)°, 

and is an A°° — {0}-bundle over BSL2n-i, so by jMV[ Section 4, Proposi- 
tion 2.3] r is an isomorphism in the homotopy category and we can substitute 
A*{BSL2„-i) for the third term in the fong exact sequence. □ 

Definition 27. For a graded ring R* let R* [[t]]^ be the homogeneous power 
series ring, i.e. a graded ring with 

R* = I^Oif I degai + idegt = fcj . 

Note that R* [[t]]^ = ^imi?*[t]/t", where the hmit is taken in the category of 
graded algebras. We set R* [[ti, . . . , = R* [[ti, t„-i]]^ [[t„]]^. 

Theorem 10. For deg e = 2n, deg 6j = 2i we have isomorphisms 

A*{pt) . . . , e]]^ ^ A*{BSL2n), 

A*{pt) [[h,...,bn]l^A*{BSL2n+i). 

Proof. The case of BSL2n follows from Theorem [9] and Proposition [TJ since 
for the sequence 

. . . ^ SGr{2n, 2m + 1) ^ SGr{2n, 2m + 3) ^ . . . 

the pullbacks are surjective and lim^ vanishes yielding 

A*{BSL2) = \^A*{SGr{2n, 2m + 1)) = 

= hmA*{pt)[bi,b2, . . • , &„, e]/ J2„,2m+i = A*{pt) [[hi, . . . ,6„_i,e]]^. 

For the odd case consider the Gysin sequence from Lemma US] for BSL2n+2- 
By the above calculations e(T) is not a zero divisor, so the the map Ue(T) is 
injective and we have a short exact sequence 

^ A*~^^'\BSL2n+2) A*{BSL2n+2) ^ A*{BSL2n+l) ^ 0. 

Identifying A*{BSL2n+2) with the homogeneous power series and killing e we 
obtain the desired result. □ 
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Remark 11. Another way to compute A*{BSL2n+i) is to use the calculation 
for A*{SGr{2n+l,2m + l)) = A*{SGr{2m - 2n,2m + 1)). The Euler classes 
are unstable, so the image 

Im{A*{SGr{2n + 1, 2m + 3)) ^ A*{SGr{2n + 1, 2m + 1))) 

is generated by the Borel classes 6i(72) and lim^ vanishes. One could express 
6j(72) in terms of &i(7i), obtaining the desired result. 
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